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Abstract Schla¨fli (J. Reine Angew. Math. 72, 360–369, 1870) has established modular
equations involving kk′ and λλ′ for degrees 3, 5, 7, 9, 11, 13, 17, and 19. On pages 86 and 88
of his first notebook, Ramanujan recorded 11 Schla¨fli-type modular equations for composite
degrees. In this paper, we establish several new Schla¨fli type mixed modular equations for
composite degrees by elementary algebraic manipulations which are analogous to those
recorded by Ramanujan.
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1 Introduction
Following Ramanujan, let (a; q)∞ denote the infinite product
∞∏
n=0
(1 − aqn) (a, q are
complex numbers, |q| < 1) and the Ramanujan theta-function f (a, b):
f (a, b) :=
∞∑
n=−∞
an(n+1)/2bn(n−1)/2, |ab| < 1,
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related to the above product by Jacobi’s fundamental factorization formula
f (a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞.
The following definitions of theta-functions ϕ with |q| < 1 are classical:




2 = (−q; q2)2∞(q2; q2)∞,
f (−q) := f (−q,−q2) =
∞∑
n=−∞
(−1)nqn(3n−1)/2 = (q; q)∞.
The ordinary or Gaussian hypergeometric function is defined by





n, 0 ≤ |z| < 1,
where a, b, and c are complex numbers such that c = 0,−1,−2, . . ., and
(a)0 = 1, (a)n = a(a + 1) · · · (a + n − 1) for any positive integer n.
Now, we recall the notion of modular equation. LetK(k) be the complete elliptic integral






























where 0 < k < 1. Set K ′ = K(k′), where k′ = √1 − k2 is the so called complementary
modulus of k. It is classical to set q(k) = e−πK(k′)/K(k) so that q is one-to-one increasing
from 0 to 1.










holds for some positive integer n1. Then a modular equation of degree n1 is an algebraic
relation between the moduli k and 1 which is induced by (2). Following Ramanujan, we







for q = e−πK(k′)/K(k).
Let K , K ′, L1, L′1, L2, L′2, L3, and L′3 denote complete elliptic integrals of the first








δ, and their complementary































δ that is induced by (4). We say that β, γ , and δ are of degrees n1, n2, and n3, respectively,
over α. The multipliers m = K/L1 and m′ = L2/L3 are algebraic relation involving α, β,
γ , and δ.
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Jacobi and Sohncke have established modular equations involving α1/8 and β1/8. Such
modular equations are called Jacobi–Sohncke modular equations.
Russell [15] has obtained several modular equations of degrees n = 13, 17, 29, 43, 53,
and 59 involving (αβ)1/8 and {(1 − α)(1 − β)}1/8, which are referred to as Russell type
modular equations. For example
(αβ)1/4 + {(1 − α)(1 − β)}1/4 = 1,
where β is of degree 3 over α.
Schla¨fli has established modular equations for degrees 3, 5, 7, 9, 11, 13, 17, and 19
involving {4α(1 − α)}1/24 and {4β(1 − β)}1/24. These modular equations are known as
Schla¨fli type modular equations. Weber [18, p. 90] has also established irrational modular
equation for composite degrees involving f, f1, f2, and f3, where f = {4α(1 − α)}1/24,
f1 = {4β(1 − β)}1/24, f2 = {4γ (1 − γ )}1/24, and f3 = {4δ(1 − δ)}1/24, which are known
as Weber type modular equations.
Ramanujan’s class invariant Gn is defined by
Gn := 2−1/4q−1/24χ(q), (5)
where
χ(q) = (−q; q2)∞, q = exp(−π√n).
Since χ(q) = 21/6{α(1 − α)/q}−1/24 [3, Ch. 17, Entry 12(v), p. 124], it follows from (5)
that
Gn = {4α(1 − α)}−1/24. (6)
Recently, Mahadeva Naika [6] andMahadeva Naika and Sushan Bairy [10] have obtained
several explicit evaluations of class invariants using modular equations.
On pages 86 and 88 of his first notebook [14], Ramanujan recorded a total of 11
Schla¨fli-type modular equations for composite degrees. In [13], Ramanathan observed that
one of these 11 equations follows from a modular equation recorded by Ramanujan in
Chapter 20 of second notebook. By using the theory of modular forms, Berndt [4] has
proved these modular equations. In [1, 2], Baruah proved these equations by deriving some
theta-function identities from Schro¨ter’s formulae and using Ramanujan’s theta-function
identities. Mahadeva Naika and Bairy [11] have also established several new mixed modular
equations in the form of Schla¨fli. For more details one can see [5, 7, 9, 12, 17].
Motivated by all these works, in this paper, we establish nine new mixed modular equa-
tions in the form of Schla¨fli. We utilize some identities involving ratios of theta–function in
establishing these equations.
2 Preliminary Results
In this section, we list some of the relevant identities which are useful in proving of our
results.
Lemma 1 [3, Ch. 17, Entry 12 (i) and (iii), p. 124] For 0 < x < 1, we have
f (e−y) = √z2−1/6{x(1 − x)ey}1/24, (7)
f (e−2y) = √z2−1/3{x(1 − x)ey}1/12, (8)
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where m is the multiplier for degree 5.
Lemma 3 [8] If X := ϕ(q)
ϕ(q5)


























































































Lemma 4 [8] If X := ϕ(q)
ϕ(q5)

















Y 2 + 5
X2
]




Lemma 5 [8] If X := ϕ(q)ϕ(q11)
ϕ(q5)ϕ(q55)
and Y := ϕ(q)ϕ(q55)
ϕ(q5)ϕ(q11)
, then

































































































3 Mixed Modular Equations in the Form of Schla¨fli
In this section, we establish several new Schla¨fli type mixed modular equations. We set
P := (256αβγ δ(1 − α)(1 − β)(1 − γ )(1 − δ))1/24 , (14)
Q :=
(
αδ(1 − α)(1 − δ)





γ δ(1 − γ )(1 − δ)





αγ (1 − α)(1 − γ )
βδ(1 − β)(1 − δ)
)1/24
. (17)
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Equation (19) can be written as
m + a = 5a
m
+ 1, (20)








In a similar manner, we obtain
m′ + b = 5b
m′
+ 1, (21)





γ (1 − γ )
}1/4
.





−2Xva+11Xvu + 13Xb2a−4Xb2u−Xau + 8Xa2b+Xa2v+Xa2b2=0, (22)
where u = √(a − 1)2 + 20a and v = √(b − 1)2 + 20b.
Collecting the terms containing X on one side of (22) and then squaring both sides, we
find that
624 − 106aub3v − 827a2ub2v − 21a3ub3v + 132a3ubv − 152a3ub2v
+462a2ubv − 1032aub2v − 453aubv − 106a2ub3v − a4ub3v + 7a4ubv
−7a4ub2v − 650a + 255b3a3v + 106b4a2u + 16a4ub2 + 16a4ub + 16a4ub3
+a4uv + a4b4u + a5b3v − 7a5bv + 7a5b2v − 195a4bv + 1915b2a3v
+215a4b2v + 255b3va − 21b3vu + 580b3a2v + 106b4au − 1370a3bv
+5501aub2 − 945a2bv − 1013bvu + 16auv + 4330bva + 941aub
+4915a2b2v + 16a3uv + 1781a2ub3 + 276a3ub + 2965b2va + 2741a2ub2
+396a3ub2 + 46a2uv + 876a2ub − 317b2vu + 341a3ub3 + 30a4b3v
+2906b2 + 626u + 4581b − 626v − 150a2 − 150a3 − a5 − 25a4 + 626b3
+61b4 + 2b5 − 540a4b2 − 485a4b3 − 255b4a3 − 30a4b4 − 2b4v − 1035bv
−12770ba + 4621bu + 600va − 624vu + 16au − 3545a2b − 150a2v
−20815b2a + 3026b2u − 20090a2b2 − 16a5b2 − 16a5b3 + a4u − a5b4
−a5v + 46a2u − 2720a3b − 150a3v − 5665a3b2 − 319b2v + 1986aub3
−10135a2b3 − 43b3v − 255b4a + 21b4u − 580b4a2 − 5260b3a + 506b3u
−4210b3a3 + 16a3u − 420a4b − 25a4v − 16a5b + 21a3b4u = 0. (23)
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Isolating the terms containing u on one side of (23) and then squaring both sides, we deduce
580b8a2v + 603730a2b6v + 95401b6 + 16686b7 + 1446b8 + 61b9 + b10
−1953125a + 15926770b3a3v + 57344a5b3v − 2048a5bv + 7168a5b2v
+5618575b5a2v + a5b8v + 52a5b7v + 13290b7va3 + 2960950b5va
−59520b6va4 + 290005b6av + 2297700b5a3v + 1304050a4b4v + 255b8a3v
+30415a2b7v − 143550b5a4v + 1018b6va5 + 9608925b4a3v − 2535b7va4
+255b8av + 257055a3b6v + 9244b5a5v + 24479800b4a2v + 1116160a4b2v
+15371050ab4v + 38245a5b4v + 261120a4bv + 3402085b2a3v
+39102520b3va + 42868445b3a2v + 13840b7va + 593920a3bv + 30a4b8v
+19561970bva + 20084210a2b2v + 44696285b2va + 1574245a4b3v
+11264b2 + 1024b − 1024a5 − 29696b3 + 164864b4 + 238949b5
−2731365a4b3 − 62291095b4a3 − 9389695a4b4 − 57344b4v − 16686b6a5
−4171395b6a3 + 567030b6a4 − 5109195b6a − 10044345b6a2 − 9244b6v
−23760225b5a3 − 1359100a4b5 − 38245b5v − 34371600ab5 − 95401a5b5
−59503975b5a2 − 404365b7a − 854265a2b7 − 1446a5b7 − 61a5b8 − a5b9
−366465a3b7 − 1018b7v + 83535b7a4 − 16135b8a − 35635a2b8 − 52b8v
−15585b8a3 + 2265b8a4 − 255b9a − 580b9a2 − 255b9a3 − 30a4b9 − b9v
+1024bv − 37078655ba + 1953125va − 1692005a2b − 150339735b2a
−34206335a2b2 + 29696a5b2 − 164864a5b3 − 238949a5b4 − 11264a5b
−1024a5v + 593920a3b + 4841115a3b2 + 2048b2v − 204390965b3a
−157912215a2b3 − 7168b3v − 120435970b4a − 162350645b4a2
−51430015b3a3 + 261120a4b + 3466240a4b2 + 2214245a2bv = 0. (24)
Eliminating v from (24), we obtain
−ba − 30a2b − 30b2a + 3194a2b2 − 8810a5b2 − 100590a5b3 − 466770a5b4
−255a5b − 255a3b − 7710a3b2 − 255b3a − 7710a2b3 − 580b4a − 17910b4a2
−58636b3a3 − 580a4b − 17910a4b2 − 163290a4b3 − 163290b4a3 − 456866a4b4
−466770b6a5 − 8230b6a3 − 100335b6a4 + 30b6a − 466770b5a6 − 100590a7b5
+30a7b2 − 8230a7b4 + a7b − 100590b5a3 − 466770a4b5 − 8230a6b3
−100335a6b4 + 30a6b − 255ab5 − 920122a5b5 − 8810b5a2 + a6 + b6
−456866b6a6 + b7a − 163290a7b6 + 30a2b7 + a10b4 + 30a8b3 − 8810a8b5
+a9b3 + 30a9b4 − 255a9b5 − 17910a8b6 − 580a9b6 + a8b2 − 100590a5b7
−163290a6b7 − 58636a7b7 − 7710a8b7 − 255a9b7 − 8810a5b8 − 17910a6b8
−7710a7b8 + 3194a8b8 − 30a9b8 − 255a5b9 − 8230b7a4 + a2b8 + 30b8a3
+b9a3 + 30a4b9 − 580a6b9 + a4b10 − 255a7b9 − 30a8b9 − a9b9 = 0. (25)
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Simplifying the above equation (25) after substituting for a and b, we deduce that
(−Q6 + 16Q3T 3 + T 3 − Q3 − Q4 − Q2 − Q5 + 6Q7T 3 + 16Q5T 3 − Q6T 6
−Q4T 6 − Q2T 6 + Q8T 3 − Q5T 6 − Q3T 6 + 11Q6T 3 + 22Q4T 3 + 11Q2T 3
+6T 3Q)(Q12 + 5Q12T 6 − 10Q9T 3 + 4Q3T 3 + Q12T 12 + Q9T 12 + Q9
+T 6 − 10Q9T 9 + 70Q11T 6 + Q14T 3 + Q14T 9 − Q11T 12 + 10Q8T 9
−Q5T 12 − 70Q9T 6 − 15Q12T 3 − 15Q12T 9 + Q4 − Q11 − Q5 − Q8 + Q7
−10Q7T 3 + 16Q5T 3 + 16Q11T 3 + 176Q8T 6 + 25Q14T 6 + 4Q13T 3
−60Q10T 6 − 60Q6T 6 + 5Q4T 6 − 10Q7T 9 + 16Q5T 9 + 16Q11T 9 − Q8T 12
+4Q13T 9 + Q16T 6 + 25Q2T 6 + 4Q3T 9 + Q4T 12 + 5Q10T 3 − 70Q7T 6
+10Q8T 3 − 34Q13T 6 + 70Q5T 6 − 34Q3T 6 + 5Q6T 3 − 15Q4T 3 − 15Q4T 9
+5Q10T 9 + Q7T 12 − 6Q15T 6 − 6QT 6 + Q2T 3 + Q2T 9 + 5Q6T 9)
(Q12 + 5Q12T 6 − 10Q9T 3 + 4Q3T 3 + Q12T 12 − Q9T 12 − Q9 + T 6
−10Q9T 9 − 70Q11T 6 − Q14T 3 − Q14T 9 + Q11T 12 − 10Q8T 9 + Q5T 12
+70Q9T 6 + 15Q12T 3 + 15Q12T 9 + Q4 + Q11 + Q5 − Q8 − Q7 − 10Q7T 3
+16Q5T 3 + 16Q11T 3 + 176Q8T 6 + 25Q14T 6 + 4Q13T 3 − 60Q10T 6
−60Q6T 6 + 5Q4T 6 − 10Q7T 9 + 16Q5T 9 + 16Q11T 9 − Q8T 12 + 4Q13T 9
+Q16T 6 + 25Q2T 6 + 4Q3T 9 + Q4T 12 − 5Q10T 3 + 70Q7T 6 − 10Q8T 3
+34Q13T 6 − 70Q5T 6 + 34Q3T 6 − 5Q6T 3 + 15Q4T 3 + 15Q4T 9 − 5Q10T 9
−Q7T 12 + 6Q15T 6 + 6QT 6 − Q2T 3 − Q2T 9 − 5Q6T 9)(Q6 − 16Q3T 3
+T 3 − Q3 + Q4 + Q2 − Q5 − 6Q7T 3 − 16Q5T 3 + Q6T 6 + Q4T 6 + Q2T 6
+Q8T 3 − Q5T 6 − Q3T 6 + 11Q6T 3 + 22Q4T 3 + 11Q2T 3 − 6T 3Q) = 0. (26)
From [4, Ch. 34, pp.189–190], we note that for n = 1/25 and using the fact that Gn =




Employing the values of G1 and G25, we can compute the values of Q and T , then
employing the resulting values of Q and T in (26), we find that the first factor vanishes for
a specific value of q = e−π/5, thus by the identity theorem it vanishes identically.
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Equation (29) can be written as
a + 1
a




























Equation (31) can be written as
b + 1
b















Employing (30) and (32) in (25), we get
378600r8 + 34762089600r4 + 1349176960r5s2 + 309760sr8 + 515545120s6r
+222121751040sr2 + 1333919520s3r4 + 1333919520s4r3 − 7260s8r3
+89440s4r7 + 73520r6s5 − 30s9r4 − 90s5r8 − 90s8r5 − 90s6r7
−19544320s4r5 + 1844560s7r2 + 73520s6r5 − 90s7r6 + 41034107520s4r
−460r9s2 + 41034107520r4s + 76188309120r3s2 + 222121751040s2r
+76188309120s3r2 − 19544320s5r4 − 23151640r6s3 − 30s4r9 − 250s9r3
−842544s7r3 + 900s7r5 + 2300s8r4 − s8r6 + 900s5r7 − s7r7
+515545120sr6 + 1349176960s5r2 + 1844560s2r7 − 23151640s6r3
+2300s4r8 + 120982740480sr + 14939378864s4r2 + 900s6r6 + 20287200sr7
−115072000s4r4 + 138057696000sr3 + 138057696000s3r + 18408865664s3r3
+14939378864r4s2 + 78381r6s4 + 59398600r6s2 − 10710r5s5 + 59398600s6r2
+187184390400s2r2 − s6r8 − 842544r7s3 + 37931r8s2 − 250s3r9 − s5r9
+78381s6r4 − 135526800s3r5 − 135526800s5r3 + 6393563744s5r
+6393563744r5s + 24768320r7 + 34762089600s4 + 92817446400s3
+615390640s6 + 615390640r6 + 378600s8 + 6536275200s5 + 24768320s7
+6536275200r5 + 92817446400r3 + 1160r9 + 100818950400r2
+100818950400s2 + 1160s9 − 460s9r2 + 506sr9 + 20287200s7r + 89440s7r4
−7260s3r8 + 37931s8r2 + 309760s8r + 506s9r − s9r5 + s10 + r10 = 0. (33)
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Substituting for r , s and then setting AC = P and A
C
= R, we deduce that
(1 + 80P 2R4 + 80P 6R8 + 80P 8R6 + 160R6P 4 + 80P 4R2 + 160P 6R4
−259P 6R6 − 16R8P 4 + R10P 10 − 259P 4R4 − 29P 2R2 − 16P 8R4 − 29P 8R8
−16P 2R6 − 16P 6R2 − 14P 9R9 − 16P 9R5 + 40P 9R7 − 16P 7R3 + 160P 7R5
+160P 5R7 − 144P 7R7 − 144P 3R3 − 390R5P 5 − 16R7P 3 − 16P 5R9 + 160P 3R5
+160P 5R3 − 16P 5R − 16R5P + 40P 7R9 + 40P 3R − 14PR + 40R3P)
(1 + 80P 2R4 + 80P 6R8 + 80P 8R6 + 160R6P 4 + 80P 4R2 + 160P 6R4
−259P 6R6 − 16R8P 4 + R10P 10 − 259P 4R4 − 29P 2R2 − 16P 8R4 − 29P 8R8
−16P 2R6 − 16P 6R2 + 14P 9R9 + 16P 9R5 − 40P 9R7 + 16P 7R3 − 160P 7R5
−160P 5R7 + 144P 7R7 + 144P 3R3 + 390R5P 5 + 16R7P 3 + 16P 5R9 − 160P 3R5
−160P 5R3 + 16P 5R + 16R5P − 40P 7R9 − 40P 3R + 14PR − 40R3P)
(−16P 2R4 − 16P 6R8 − 16P 8R6 − 29P 8R2 − 29R8P 2 − 259R6P 4 − 16P 4R2
−259P 6R4 + 160P 6R6 + 80R8P 4 + 160P 4R4 + 80P 8R4 + 80P 2R6 + 80P 6R2
+P 10 + R10 + 40P 7R + 40PR7 − 14P 9R − 16P 9R5 − 144P 7R3 + 160P 7R5
+160P 5R7 − 16P 7R7 − 16P 3R3 − 390R5P 5 − 144R7P 3 + 40P 3R9 − 16P 5R9
+160P 3R5 + 160P 5R3 − 16P 5R − 16R5P − 14PR9 + 40P 9R3)
(−16P 2R4 − 16P 6R8 − 16P 8R6 − 29P 8R2 − 29R8P 2 − 259R6P 4 − 16P 4R2
−259P 6R4 + 160P 6R6 + 80R8P 4 + 160P 4R4 + 80P 8R4 + 80P 2R6 + 80P 6R2
+P 10 + R10 − 40P 7R − 40PR7 + 14P 9R + 16P 9R5 + 144P 7R3 − 160P 7R5
−160P 5R7 + 16P 7R7 + 16P 3R3 + 390R5P 5 + 144R7P 3 − 40P 3R9 + 16P 5R9
−160P 3R5 − 160P 5R3 + 16P 5R + 16R5P + 14PR9 − 40P 9R3) = 0. (34)
From [4, Ch. 34, pp.189–190], we note that for n = 1/25 and using the fact thatGn = G1/n,




Employing the values of G1 and G25, we can compute the values of P and R, and then
employing the resulting values of P and R in (34), we find that the third factor vanishes for
a specific value of q = e−π/5, thus by the identity theorem it vanishes identically.





























































Proof Interchanging β and γ in (27), P remains unchanged whereas R changes to 1/T .
Hence, we obtain (35).
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Proof Replacing q by q4 in (20), m and a changes to m′ and b, respectively, then we arrive
at
m′ + b = 5b
m′
+ 1, (37)








Employing (20) and (37) in the (11), we obtain (36). Since the proof of (36) runs on the
same line as the proof of Theorem 1, so we omit the details.
Theorem 5 If α, β, γ , and δ have degrees 1, 5, 4, and 20, respectively, then
P 32 − 3072P 24 − 444544P 16 −
(


















































































Proof The proof of (38) is similar to the proof of (27). Hence, we omit the details.
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Theorem 6 If α, β, γ , and δ have degrees 1, 5, 4, and 20, respectively, then
P 32 − 3072P 24 − 444544P 16 −
(






















T 8 + 1
T 8
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T 12 + 1
T 12
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Proof Interchanging β and γ in (38), P remains unchanged whereas R changes to 1/T .
Hence, we obtain (39).
Theorem 7 If α, β, γ , and δ have degrees 1, 5, 11, and 55, respectively, then
[



















































Proof Replacing q by q11 in equation (20), m and a changes to m′ and b, respectively, then
we arrive at
m′ + b = 5b
m′
+ 1, (41)








Employing (20) and (41) in (13), we obtain (40). Since the proof of (40) runs on the same
line as the proof of Theorem 1, so we omit the details.
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Proof The proof of (42) is similar to the proof of (27). Hence, we omit the details.
Theorem 9 If α, β, γ , and δ have degrees 1, 5, 11, and 55, respectively, then
(

























T 4 + 1
T 4
)
+ 1295558 − 1024
(



















































































Proof Interchanging β and γ in (42), P remains unchanged whereas R changes to 1/T .
Hence, we obtain (9).
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